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NONCLASSIFIABILITY OF UHF 
LP-OPERATOR ALGEBRAS 

EUSEBIO GARDELLA AND MARTINO LUPINI 


Abstract. We prove that simple, separable, monotracial UHF ZA-operator algebras 
are not classifiable up to (complete) isomorphism using countable structures, such as 
K-theoretic data, as invariants. The same assertion holds even if one only considers 
UHF ZA-operator algebras of tensor product type obtained from a diagonal system of 
similarities. For p = 2, it follows that separable nonselfadjoint UHF operator algebras 
are not classifiable by countable structures up to (complete) isomorphism. Our results, 
which answer a question of N. Christopher Phillips, rely on Borel complexity theory, 
and particularly Hjorth’s theory of turbulence. 


1. Introduction 

Suppose that X is a standard Borel space and A is a Borel probability measure on 
X. For p G [1, oo), we denote by L p { A) the Banach space of Borel-measurable complex¬ 
valued functions on X (modulo null sets), endowed with the L p -norm. Let B(L P ( A)) 
denote the Banach algebra of bounded linear operators on L p ( A) endowed with the 
operator norm. We will identify the Banach algebra M n (B(L p ( A))) of n x n matrices 
with entries in B(L P ( A)), with the algebra B(L P ( A)®”) of bounded linear operators on 
the p-direct sum L p ( A)®” of n copies of L p { A). 

A (concrete) separable, unital IP-operator algebra , is a separable, closed subalge¬ 
bra of B(L P ( A)) containing the identity operator. (Such a definition is consistent with 
[P2, Definition 1.1], in view of [P2, Proposition 1.25].) In the following, all L p -operator 
algebras will be assumed to be separable and unital. Every unital L p -operator algebra 
A C B(L P ( A)) is in particular a p-operator space in the sense of [D, §4], with matrix 
norms obtained by identifying M n (A ) with a subalgebra of M n (B(L p ( A))). Such al¬ 
gebras have been introduced and studied by N. Christopher Phillips in [P1,P4, P3]. 
Many important classes of C*-algebras have been shown to have L p -analogs, including 
Cuntz algebras [PI], UHF algebras [P3], AF algebras [PV], and more generally groupoid 
C*-algebras [GL], 

If A is a unital complex algebra, then an L p -representation of A on a standard 
Borel probability space (X, A) is a unital algebra homomorphism p: A —» B(L P ( A)). 
The closure inside B{L P { A)) of p(A) is an L p -operator algebra, called the L p -operator 
algebra associated with p. It can be identified with the completion of A with respect to 


2000 Mathematics Subject Classification. Primary 47L10, 03E15; Secondary 47L30. 

Key words and phrases. L p -operator algebra, nonselfadjoint operator algebra, UHF algebra, Borel 
complexity, turbulence. 

Eusebio Gardella was partially supported by the US National Science Foundation under Grant DMS- 
1101742. Martino Lupini was supported by the York University Susan Mann Dissertation Scholarship. 
This work was initiated while the authors were at the Banff International Research Station in occasion 
of the workshop “Dynamics and C*-algebras: Amenability and Soficity”. The hospitality of the BIRS 
center is gratefully acknowledged. 


1 



2 


EUSEBIO GARDELLA AND MARTINO LUPINI 


the operator seminorm structure ||[ajj]|| p = \\[p(0'ij)]\\M n (B(LP(x))) f° r [ a L'] *= Af n (A); see 
[BLM, 1.2.16]. If A and B are L p -operator algebras, a unital homomorphism ip: A —>• B 
is an algebra homomorphism such that p[l) = 1. The n-th amplification <p( n ): M n (A) —> 
M n (B) is defined by [a^] i-A \<p(a,ij)\. A unital homomorphism ip is completely bounded 
if every amplification < p is bounded and 

IML := sup 

neN 

is hnite. 

Definition 1.1. Let A and B be unital L p -operator algebras. 

(1) A and B are said to be (completely) isomorphic , if there is a (completely) 
bounded unital isomorphism ip: A —>• B with (completely) bounded inverse 
ip ~ 1 : B A. 

(2) A and B are said to be (completely) commensurable if there are (completely) 
bounded unital homomorphisms ip: A -A B and if: B —>• A. 

For d G N, we denote by M ( j the unital algebra of d x d complex matrices, with 
matrix units {ei,j} l<i]<d - Let d = (d n ) nG pj be a sequence in N, and let p = (p n )neN 
be a sequence of representations p n : Md n -» B(L p (X n , X n )). Define M d to be the 
algebraic infinite tensor product (££) M ( j n . Let X = \\ X n be the product Borel space 

nGN neN 

and A = (££) X n be the product measure. We naturally regard the algebraic tensor 

nE N 

product (££) B{L P { A n )) as a subalgebra of B(L P ( A)). The correspondence 

M d ->(&B(L p ( A n )) C B(L p ( A)) 
nE N 

ai ( 2 ) • • • <g> a k ha pi(ai) (E> • • • <S> Pki^h), 
extends to a unital homomorphism M d —>• B(L P ( A)). 

Definition 1.2. The algebra A(d, p) as defined in [PI, Example 3.8], is the L p -operator 
algebra associated with p. A UHF L p -operator algebra of tensor product type d is an 
algebra of the form A(d, p) for some sequence p as above; see [PI, Definition 3.9] and 
[P3, Definition 1.7]. 

A special class of UHF L p -operator algebras of tensor product type d has been intro¬ 
duced in [P3, Section 5]. For d G N, denote by q the normalized counting measure on 
d = {0,1,2,. ., d — 1}, and set d p (d) = L p ({ 0,..., d — 1}, cfi. The (canonical) spatial 
representation a d of M d on £ p (d) is defined by setting 

(<r d (a)£) (j) = 

i=0,...,d— 1 

for a G Md, for ^ € £ p (d) and j = 0,..., d — 1; see [PI, Definition 7.1]. Observe that the 
corresponding matrix norms on M d are obtained by identifying with the algebra of 
bounded linear operators on £ p (d). 

Fix a real number 7 in [1, + 00 ), and an enumeration (vJd^^keN °f all diagonal d x d 
matrices with entries in [1, 7 ] nQ. Let X be the disjoint union of countably many copies 
of {0,1,... , d — 1}, and let \ d be the Borel probability measure on X that agrees with 
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2 k Cd on the k- th copy of {0,1,... , d — 1}. We naturally identify the algebraic direct 
sum 0 B(l p (d)) with a subalgebra of B(L p (Xd)). The map 

neN 

M d ^QB(P(d))CB(IS(\ d )) 

neN 

defines a representation p 7 : Md —> B(L p {Xd))- 

For a sequence 7 in [l,+oo), we will denote by p 7 the sequence of representations 
pin ; M dn B(L p (\d n )) described in the paragraph above. Following the terminology in 
[P3, Section 3 and Section 5], we say that the corresponding UHF L p -operator algebras 
A(d, p 1 ) are obtained from a diagonal system of similarities . 

Definition 1.3. If A is a unital Banach algebra, a normalized trace on A is a continuous 
linear functional r: A —>• C with r(l) = 1 , satisfying r(ab) = r(ba) for all a,b £ A. The 
algebra A is said to be monotracial if A has a unique normalized trace. 

Recall that a Banach algebra is said to be simple if it has no nontrivial closed two- 
sided ideals. 

Remark 1.4. It was shown in [P4, Theorem 3.19(3)] that UHF L p -operator algebras 
obtained from a diagonal system of similarities are always simple and monotracial. 

Problem 5.15 of [P3] asks to provide invariants which classify, up to isomorphism, 
some reasonable class of UHF L p -operator algebras, such as those constructed using 
diagonal similarities. The following is the main result of the present paper. 

Theorem 1.5. The simple, separable, monotracial UHF L p -operator algebras are not 
classifiable by countable structures up to any of the following equivalence relations: 

( 1 ) complete isomorphism; 

(2) isomorphism; 

(3) complete commensurability; 

(4) commensurability. 

The same conclusions hold even if one only considers UHF L p -operator algebras of 
tensor product type d obtained from a diagonal system of similarities for a fixed sequence 
d = (d n ) ne n of positive integers such that, for every distinct n,m € N, neither d n divides 
d rn nor d rn divides d n . 

It follows from Theorem 1.5 that simple, separable, monotracial UHF L p -operator 
algebras are not classifiable by K-theoretic data, even after adding to the K-theory a 
countable collection of invariants consisting of countable structures. When p = 2, Theo¬ 
rem 1.5 asserts that separable nonselfadjoint UHF operator algebras are not classifiable 
by countable structures up to isomorphism. This conclusion is in stark constrast with 
Glimm’s classification of UHF C*-algebras by their corresponding supernatural number 
[G]. (Observe that, in view of Glimm’s classification, Banach-algebraic isomorphism and 
^-isomorphism coincide for UHF C*-algebras.) 

2. Borel complexity theory 

In order to obtain our main result, we will work in the framework of Borel complexity 
theory. In such a framework, a classification problem is regarded as an equivalence 
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relation E on a standard Borel space X. If F is another equivalence relation on another 
standard Borel space Y, a Borel reduction from E to F is a Borel function g: X Y 
with the property that 

xEx' if and only if g{x)Fg(x'). 

The map g can be seen as a classifying map for the objects of X up to E. The 
requirement that g is Borel captures the fact that g is explicit and constructible (and 
not, for example, obtained by using the Axiom of Choice). The relation E is Borel 
reducible to F if there is a Borel reduction from E to F. This can be interpreted 
as asserting that is it possible to explicitly classify the elements of X up to E using 
T-classes as invariants. 

The notion of Borel reducibility provides a way to compare the complexity of classifi¬ 
cation problems in mathematics. Some distinguished equivalence relations are then used 
as benchmarks of complexity. The first such benchmark is the relation =r of equality of 
real numbers. (One can replace R with any other Polish space.) An equivalence relation 
is called smooth if it is Borel reducible to =r. Equivalently, an equivalence relation is 
smooth if its classes can be explicitly parametrized by the points of a Polish space. 
For instance, the above mentioned classification of UHF C*-algebras due to Glinnn [G] 
shows that the classification problem of UHF C*-algebras is smooth. Smoothness is 
a very restrictive notion, and many natural classification problems transcend such a 
benchmark. For instance, the relation of isomorphism of rank 1 torsion-free abelian 
groups is not smooth; see [H3]. 

A more generous notion of classifiability is being classifiable by countable structures. 
Informally speaking, an equivalence relation E on a standard Borel space X is classifiable 
by countable structures if it is possible to explicitly assign to the elements of X complete 
invariants up to E that are countable structures, such as as countable (ordered) groups, 
countable (ordered) rings, etcetera. To formulate precisely this definition, let £ be a 
countable first order language [M, Definition 1.1.1], The class Mod(£) of ^-structures 

supported by the set N of natural numbers can be regarded as a Borel subset of 2 N ". 

nE N 

As such, Mod(£) inherits a Borel structure making it a standard Borel space. Let =c 
be the relation of isomorphism of elements of Mod(£). 

Definition 2.1. An equivalence relation E on a standard Borel space is said to be 
classifiable by countable structures , if there exists a countable first order language C 
such that E is Borel reducible to =c- 

The Elliott-Bratteli classification of AF C*-algebras [E,B2] shows, in particular, that 
AF C*-algebras are classifiable by countable structures up to ^-isomorphism. Any 
smooth equivalence relation is in particular classifiable by countable structures. 

Many naturally occurring classification problems in mathematics, and particularly 
in functional analysis and operator algebras, have recently been shown to transcend 
countable structures. This has been obtained for the relation of unitary conjugacy of 
irreducible representations and automorphisms of non type I C*-algebras [H1,KLP1,F, 
L], conjugacy of ergodic measure-preserving transformations of the Lebesgue measure 
space [FW], conjugacy of automorphisms of ^-stable C*-algebras and McDuff Hi factors 
[KLP2], unitary conjugacy of unitary and self-adjoint operators [KS], and isomorphism 
of von Neumann factors [ST1,ST2], The main tool involved in these results is the theory 
of turbulence developed by Hjorth in [H2]. 
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Suppose that G rx X is a continuous action of a Polish group G on a Polish space 
X. The corresponding orbit equivalence relation Eq is the relation on X obtained 
by setting xEqx' if and only if x and x' belong to the same orbit. Hjorth’s theory 
of turbulence provides a dynamical condition, called (generic) turbulence , that ensures 
that a Polish group action G rx X yields an orbit equivalence relation Eq that is not 
classifiable by countable structures. This provides, directly or indirectly, useful criteria 
to prove that a given equivalence relation is not classifiable by countable structures. A 
prototypical example of turbulent group action is the action of £ l on by translation. 
A standard argument allows one to deduce the following nonclassification criterion from 
turbulence of the action i 1 rx and Hjorth’s turbulence theorem [H2, Theorem 3.18]; 
see for example [L, Lemma 3.2 and Criterion 3.3]. 

Recall that a subspace of a topological space is meager if it is contained in the union 
of countably many closed nowhere dense sets. 

Criterion 2.2. Suppose that E is an equivalence relation on a standard Borel space 
X. If there is a Borel map /: [0, +oo) N —> X such that 

(1) f(t)Ef(t') whenever t,t' £ [0, +oo) N satisfy t — t' £ l 1 , and 

( 2 ) the preimage under / of any .E-class is meager, 
then E is not classifiable by countable structures. 

We will apply such a criterion to establish our main result. 

3. Nonclassification 

Fix a sequence d = ( d n ) n of integers such that for every distinct n, m £ N, neither 
d n divides d m nor d m divides d n . In particular, this holds if the numbers d n are pairwise 
coprime. The same argument works if one only assumes that all but finitely many values 
of d satisfy such an assumption. We endow [l,+oo) N with the product topology, and 
regard it as the parametrizing space for UHF L p -operator algebras of type d obtained 
from a diagonal system of similarities, as described in the previous section; see also [P3, 
Section 3 and Section 5]. We therefore regard (complete) isomorphism and (complete) 
commensurability of UHF L p -operator algebras of type d, obtained from a diagonal 
system of similarities, as equivalence relations on [l,+oo) N . 

For 7 £ [l,+oo) N , we denote by A 7 the corresponding UHF L p -operator algebra. In 
the following, we will denote by 7 and 7 ' sequences ( 7 n )neN and ( 7 ^,)?T.eRJ i n [l,+oo) N . 
For 7 £ [l,+oo), we denote by Mj the L p -operator algebra structure on induced 
by the representation p 7 defined in Section 1. The corresponding matrix norms on Mj 
are denoted by || • || 7 . In particular, when 7 = 1 one obtains the matrix norms induced 

by the spatial representation cr d of Mj. The algebra A 1 can be seen as the L p -operator 
p 

tensor product (££) Mj n , as defined in [P4, Definition 1.9]. (Note that, unlike in [P4], 

nE N 

we write the Holder exponent p as a superscript in the notation for tensor products.) 
Lemma 3.1. Let 7 , 7 ' £ [l,+oo) N satisfy 

l := n xr < +°°- 

neN n 

Then the identity map on the algebraic tensor product M& = (££) extends to a 

ne N 

completely bounded unital homomorphism A 1 A 1 , with \\ip\\ cb < L. Li other words, 
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the matrix norms || • || 7 and || • ||y on the algebraic tensor product (g) M dn satisfy 

ne N 


II * II || * 11 ■•y • 

Proof. For j G N, let Lj = -f. Fix e > 0. In order to prove our assertion, it is enough to 

7# 

show that if A; G N and x is an element of Mj. (^) M d . 

\je n 

Let x G Mfc (£g M c ] ], and choose n, m G N and Xij G M^M d .) for 1 < i < n and 
yeN / 

1 < j < m, satisfying 

x — ^ ( 7 i ^ ^ X n ,j 

1 <j<m 

By definition of the matrix norms on Ay, for 1 < i < n there exists a diagonal matrix 
Wi G M di with entries in [ 1 , 7 *] such that, if IF 7 * G M^M di ) is the diagonal matrix with 
entries in M di , and nonzero entries equal to w;* (in other words, IF* = 1 M k ®Wi), then 

W 1 X 1J Wr 1 ®---®W n X nJ X- 1 . 

l<j<m 


^||-y ^ (1 + £) 


^ , then ||x||y < (1 + e)L||x|| 7 


For 1 < i < n, we denote the diagonal entries of re* € M dj by 0*7, for £ = 1,..., di- 
We will define two other diagonal matrices 

w[ = diag(a- 1 ,..., a' l d .) and 7 = diag(7,i,..., r iA ) 

in M d ., with entries in [ 1 ,7'] and [ 1 ,L*], respectively, as follows. For 1 < i < dj, we set 

/ _ / <V, if 0*7 < 7'; 

U l 7', ifyu > %'• 

and 

_ J 1, if Ty < 7'; 

\ ^a*y, if a*7 > 7'. 

Observe that 77 belongs to [ 1 ,L*] (since 0*7 <7* < L*7I), and that a'^ belongs to 
[1,7'] for all 1 < i < n and 1 < £ < d*. 

Define w' t and 7 to be the diagonal di x d% matrices with diagonal entries a' £ and '77 
for 1 < l < di. Let W-. I?* G be the diagonal k x k matrices with entries in M d . 

having diagonal entries equal to, respectively, w[ and 7. (In other words, W[ = 1 M k 
and R, = 1 M k <8> 7-) 

Then W t = R%W[ for all 1 < % < n. Additionally, 
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Therefore, 


ML < (1 + e) 


— (1 + e) 


Y WiXijW^ 1 

l<j<m 


-1 


W n X n ,jW n 


Y RiW{X 1J w' 1 - 1 K{ 1 

l<j<m 


■ • ® Rr,W n X n)3 W'- x R- x 


< (l + e)||i2i|| II-R 2 II • • • \\Rr, 


Y W[X hj W[ 


1-1 


W' n X ni jW'~ l 


l<j <771 


< (1 + e)L\ ■ ■ ■ L r 


Y W[X h] W[- 1 ® • ■ ■ 0 W^X nd W:, 

l<j<m 


/-1 

n 


< (1 + e)L MUy • 

This concludes the proof. 

Corollary 3.2. 7 / 7 , 7 ' £ [l,+oo) N satisfy 


II max \zr^ \ <+ °°’ 

neN f In In. 


□ 


then A 1 and A 7 are completely isomorphic. 


The following lemma can be proved in the same way as [P3, Lemma 5.11] with the 
extra ingredient of [P3, Lemma 5.8]. As before, we denote by < 8 > p the L p -operator tensor 
product; see [P4, Definition 1.9]. 

Lemma 3.3 (Phillips). Let L > 0 and let d £ N. Then there is a constant R(L,d) > 0 
such that the following holds. Whenever A is a unital L p -operator algebra, whenever 
7 , 7 ' € [1, Too) satisfy 

7 ' > R(L,d) 7 , 

and tp: Mj —>• Mj A is a unital homomorphism with ||</?|| < L, there exists a unital 
homomorphism if: Mj —>• A with \\if\\ < L + 1. 

Our assumption on the values of d will be used for the first time in the next lemma, 
where it is shown that sufficiently different sequences yield noncommensurable UHF 
ZT-operator algebras. 

The A/)-group of a Banach algebra A is defined using idempotents in matrices over A, 
and a suitable equivalence relation involving similarities of such idempotents. We refer 
the reader to [Bl, Chapters 5,8,9] for the precise definition and some basic properties. 
What we will need here is the following: 


Remark 3.4. For n € N and a unital Banach algebra A, if there exists a unital, 
continuous homomorphism M n —> A, then the class of unit of A in Kq(A) must be 
divisible by n. 

Lemma 3.5. Suppose that 7 , 7 ' € [1, +oo) N satisfy 7 ^ > R(n, d n )j n for infinitely many 
n € N. Then there is no continuous unital homomorphism <p: A 7 —> A 1 . 
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Proof. Assume by contradiction that cp: A 7 —» AC 1 ' is a continuous unital homomor¬ 
phism and set L = ||</?||. Pick n £ N such that n> L and 7 ^ > R(n,d n ) 7 n . Set 


•4= ® «*:• 

mGN,m/n 


Apply Lemma 3.3 to the unital homomorphism yu Mj" —> Mj™ A, to get a unital 
homomorphism ip: Mj n —> A with ||V’|| < L + 1. 

Using Remark 3.4, we conclude that the class of the unit of A in Kq(A) is divisible 
by d n . On the other hand, the /L-theory of A is easy to compute using that A'-theory 
for Banach algebras commutes with direct limits (with contractive maps). We get 


Kq {A) = Z 


- : b A 0 divides d m for some m A n 
0 


with the unit of A corresponding to 1 £ Kq(A) C Q. 

Since there is a prime appearing in the factorization of d n that does not divide any 
d m , for m / n, we deduce that the class of the unit of A in Kq(A) cannot be divisible 
by d n . This contradiction shows that there is no continuous unital homomorphism 
p: A' 1 m A' 1 ' □ 


We say that a set is comeager if its complement is meager. Observe that, by definition, 
a nonmeager set interescts every comeager set. Recall that we regard [1, +oo) N as the 
parametrizing space of the UHF L p -operator algebras of tensor product type d obtained 
from a diagonal system of similarities. Consistently, we regard (complete) isomorphism 
and commensurability of such algebras as equivalence relations on [l,+oo) N . 

Proof of Theorem 1.5. By [P4, Theorem 3.19(3)], every UHF L p -operator algebra of 
tensor product type d obtained from a diagonal system of similarities is simple and 
monotracial. Therefore, it is enough to prove the second assertion of Theorem 1.5. For 
t £ [0, +oo) N , define exp(t) to be the sequence (exp (i n ))neN of real numbers in [l,oo). 
By Corollary 3.2, if t,t' £ [0,+oo) N satisfy t—t' £ i 1 , then A exp (*) and are 

completely isomorphic. We claim that for any nonmeager subset C of [0, +oo) N one can 
find t,t' £ C such that A exp ^ and A exp (*) are not commensurable. This fact together 
with Corollary 3.2 will show that the Borel function 

[ 0 ,+oo) N -> [l,+oo) N 
t i-a exp(t) 

satisfies the hypotheses of Criterion 2.2 for any of the equivalence relations E in the 
statement of Theorem 1.5, yielding the desired conclusion. 

Let then C be a nonmeager subset of [0, +oo) N , and fix t £ C. We want to find t' £ C 
such that A exp( ^ and A exp ^^ are not commensurable. The set 


1 1' £ [0, +oo) N : for all but finitely many n £ N, exp(t' n ) < R(n, d n ) exp(t n )| 

= U {*' e [0>+°°) N: Vn > k, exp (t' n ) < R(n, d n ) exp(t n )| 
km 

is a countable union of closed nowhere dense sets, hence meager. Therefore, its comple¬ 
ment 
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jV € [ 0 , +oo) N : for infinitely many n € N, exp (t' n ) > R(n , d n ) exp(i n ) j , 

is comeager. In particular, since C is nonmeager, there is t' G C such that exp(f^) > 
R(n, d n ) exp(i n ) for infinitely many n € N. By Lemma 3.3, there is no continuous 
unital homomorphism from A ex to ^4 ex P( t, l. Therefore A exp ^ and ^4 ex P(*') are not 
commensurable. This concludes the proof of the above claim. □ 
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